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We derive the equations of motion of an extended test body in the context of Einstein’s theory
of gravitation. The equations of motion are obtained via a multipolar approximation method and
are given up to the quadrupolar order. Special emphasis is put on the explicit construction of
the so-called canonical form of the energy-momentum density. The set of gravitational multipolar
moments and the corresponding equations of motion allow for a systematic comparison to competing
multipolar approximation schemes.
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I. INTRODUCTION
The description of the motion of extended bodies in
Einstein’s theory of gravitation is a complicated and
many-faceted problem. Nearly all applications of Gen-
eral Relativity crucially depend on our ability to describe
how matter moves under the influence of the gravitational
field.
When it comes to the description of extended bod-
ies, one usually has to resort to the use of approxima-
tion schemes due to the complexity of the theory. In
this work we utilize a multipolar approximation method,
originally devised by Tulczyjew [1], to characterize the
motion of extended test bodies. We explicitly work out
the equations of motion at the monopolar, dipolar, as
well as quadrupolar order with the help of this method.
In doing so, we put particular emphasis on the defini-
tion of multipole moments, as well as on the definition
of combined quantities, e.g. the mass or the spin of ob-
jects, at different orders. The process of canonicalization
is carried out in detail, and the resulting equations of
motion are worked out in a fashion which allows for an
easy comparison of quantities at different orders.
Without going into historical detail we would like to
point out, that multipolar methods were among the first
methods to be studied in the context of the problem
of motion in General Relativity. In particular Tulczy-
jew’s method can be traced back to the seminal work of
Mathisson [2]. We only note in passing, that several of
the pioneering concepts of Mathisson’s approach to the
problem also resurface in other (later) works. For a more
detailed account on the history of different multipolar
approximation schemes we refer the reader to [3].
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Although we solely focus on the description of the mo-
tion of test bodies, the results obtained here are also rel-
evant for other approximation methods. Most important
are the post-Minkowskian [4–6] and the post-Newtonian
approximations – see, e.g., the reviews [7–9] and refer-
ences therein. The former method is useful to describe
the scattering of an unbound and the latter method is
commonly used to describe the inspiral of a bound sys-
tem of two compact objects. For both approximation
schemes the test mass results in the present paper can
be extended to self-gravitating objects, if one relies on
certain regularization techniques. Furthermore, our re-
sults can be used as input for higher order black hole
perturbation schemes [10–12] or other radiation reaction
calculations [13, 14]. All of the above mentioned meth-
ods are used to model gravitational waves emitted from
different astrophysical sources and are therefore of direct
relevance for the field of gravitational wave astronomy
[15].
The structure of the paper is as follows. In section
II we briefly recapitulate the basic ingredients of Tul-
czyjew’s multipolar scheme. This is followed by the de-
compositions of a general set of moments in section III,
which are crucial for the derivations in the succeeding
sections. In sections IV – VI we explicitly derive the
monopolar, dipolar, as well as quadrupolar equations of
motion. In VIB a detailed comparison to the multipolar
approximation scheme by Dixon is performed. We draw
our final conclusion in section VII. Appendices A, B, and
C contain a brief overview of different quantities and our
conventions as well as some useful transformation rules.
II. BASIC DEFINITIONS AND THEOREMS
Conceptually the multipolar method of Tulczyjew [1]
is based on the assumption, that the motion of an ex-
tended test body along a representative worldline can be
characterized by a set of multipolar moments, which are
built from the energy-momentum tensor T ab of the body.
2As in the case of other multipolar approximation
schemes in the context of General Relativity, the start-
ing point is the covariant conservation of the energy-
momentum tensor, i.e.
∇bT
ab = 0. (1)
The general strategy consists of working out the con-
straints of this equation on a general set of multipolar
moments, which are covariantly defined via an expansion
of the energy-momentum density of the following form:
T˜ ab =
∫ +∞
−∞
{
tabδ(4) +∇c
[
tcabδ(4)
]
+∇d∇c
[
tdcabδ(4)
]
+ . . .
}
ds. (2)
Here the tabcd... are general multipole moments, δ(4) =
δ(4) (x
a
− Y a) is the delta function, Y a (s) characterizes
a representative worldline of the body, and s denotes the
proper time along this line. In other words, the con-
tinuous energy-momentum density T˜ ab of the extended
body under consideration is replaced by an infinite set
of moments, defined along a worldline – which is com-
pletely arbitrary at the current stage. It is natural to
expect, that the general energy-momentum conservation
law (1), imposes constraints on the moments defined via
(2), which in turn characterize certain properties of the
body and its motion through spacetime.
Of course, there is no simplification of the general prob-
lem of motion at the present stage. Insertion of the full
representation (2) into (1) just yields a very complicated
differential equation for the moments tabcd..., which is ac-
tually of infinite order. The approximation comes from
the fact, that one truncates the series in (2), and only
considers a finite number of moments. The general ex-
pectation is, that certain features of the body and its
motion are adequately characterized by a small number
of moments. This is of course analogous to multipolar
expansion techniques as used in the context of classical
mechanics or electrodynamics. In the following, the or-
der of approximation is characterized by the notion of
single-pole, dipole, or quadrupole, depending on which
of the moments in the expansion (2) are retained.
On a technical level the method of Tulczyjew [1] is
based on a generalization of the Du Bois-Reymond the-
orem – called theorem B in the following, cf. section 3
in [1]. Before stating theorem B we need to define what
Tulczyjew calls the canonical form. An arbitrary singu-
lar tensor density A˜c1...cn is said to be in canonical form
if it can be written as
A˜b1...bn =
m∑
k=0
∫ ∞
−∞
∇c1...ck
[
αc1...ckb1...bnδ(4) (x
a
− Y a)
]
,
where the coefficients αc1...ckb1...bn satisfy
αc1...ckb1...bn = α(c1...ck)b1...bn , (3)
uc1α
c1...ckb1...bn = 0. (4)
Here we used the abbreviation ua := dY a/ds for the
tangent vector along the worldline. As was shown in [16]
it is always possible to achieve the canonical form.
Theorem B states that, if for a tensor density A˜b1...bn
and an arbitrary tensor field Tb1...bn we have∫
D
A˜b1...bnTb1...bn = 0 (5)
in an arbitrary four-dimensional region D, then all the
coefficients αc1...ckb1...bn of the canonical form of the den-
sity A˜b1...bn vanish.
For further reading on the method of Tulczyjew, we
refer readers to lecture V in [16].
III. DECOMPOSITIONS WITH RESPECT TO
THE VELOCITY
Let us consider a set of general moments tabc... with
the following symmetry properties:
tc1...cnab = tc1...cn(ab),
tc1...cnab = t(c1...cn)ab. (6)
Note that the symmetry in the second line is motivated
by the integral representation of moments in the multi-
polar approximation scheme of Papapetrou [17], see also
[18]. In the context of Tulczyjew’s formalism there is
a priori no reason to impose the symmetry in the first
n indices. One could carry out the calculation without
imposing it. However, this would only lead to an unnec-
essary complication of the derivation, for the contribu-
tions from the antisymmetric parts of tc1...cnab could be
absorbed in the course of the canonicalization procedure.
We provide an explicit example of the absorption process
in section VI.
With the help of the projector ρab := δ
a
b −u
aub we may
decompose the moments from (6) with respect to the four
velocity, remember uaua = 1, in the following way:
tab =
0
oab + 2
0
o (aub)+
0
t uaub,
0
oa := tcdρacud,
0
oab := tcdρacρ
b
d,
0
t := tcducud. (7)
For the dipole moment, or three index quantity, we get
tabc =
1
oabc + 2
1
oa(buc)+
1
oaubuc + ua
1
t bc,
1
oa := tdefρadueuf ,
1
oab := tdefρadρ
b
euf ,
1
oabc := tdefρadρ
b
eρ
c
f ,
1
t bc := tdbcud. (8)
3For the quadrupole, or four index quantity, we get
tabcd =
2
oabcd + 2
2
oab(cud)+
2
oabucud
−uaub
2
t cd + 2u(a
2
t b)cd,
2
oab := tefghρaeρ
b
fuguh,
2
oabc := tefghρaeρ
b
fρ
c
guh,
2
oabcd := tefghρaeρ
b
fρ
c
gρ
d
h,
2
t cd := tefcdueuf ,
2
t acd := teacdue. (9)
The decompositions in (7)–(9) are going to play a central
role in the upcoming derivations.
IV. SINGLE-POLE
If we consider a single-pole object we start from
0 = ∇aT˜
ab =
∫
∇a
[
tabδ(4)
]
. (10)
In order to bring this equation into the canonical form,
we decompose the integrand with respect to the first in-
dex, i.e. the one which is contracted with the derivative.
Here and in the following we abbreviate the orthogonal
projection of an index with respect to the velocity by
a hat over the corresponding index, e.g., tabˆc := ρbdt
adc.
The decomposed version of (10) then reads
0 =
∫
∇a
[(
taˆb + uauct
cb
)
δ(4)
]
. (11)
This integral can be split up by means of∫
∇a
[
uaT c1c2...δ(4)
]
=
∫
δT c1c2...
ds
δ(4), (12)
as follows:
0 =
∫
δ
ds
[
uct
cb
]
δ(4) +
∫
∇a
[
taˆbδ(4)
]
. (13)
This form of the integral allows for the application of
theorem B, i.e. the equations of motion are now given by
δ
ds
[
uct
cb
]
= 0, taˆb = 0. (14)
If we insert the orthogonal decomposition of tab as given
in (7) – note that in the single-pole case we could have
started right away with this decomposition, without mak-
ing the intermediate step in (11) – the equations of mo-
tion in (14) take the form
δ
ds
[
0
oa + ua
0
t
]
= 0,
0
oab+
0
oaub = 0. (15)
From the second equation, due to the orthogonality, we
can infer that
0
oab = 0 and
0
oa = 0, (16)
which leads to – after reinsertion into the first equation
in (15)
0
t= const and
δ
ds
ua = 0. (17)
In other words, we have shown that the equations of mo-
tion of a single-pole particle take the form of the geodesic
equation. Equation (17) suggests to identify the quan-
tity
0
t with the mass
0
m of the test body. This result
is of course not new, with the method outlined above,
it was already derived by Tulczyjew in [1]. Finally, we
note that the corresponding singular energy-momentum
tensor is then given by
T˜ ab =
∫
0
m uaubδ(4). (18)
V. POLE-DIPOLE
At the pole-dipole order we start from
0 = ∇aT˜
ab =
∫
∇a
[
tabδ(4)
]
+
∫
∇a∇c
[
tcabδ(4)
]
. (19)
In order to be able to apply theorem B, we need to bring
(19) into canonical form. First, we focus on the second
term with the two covariant derivatives. Following the
procedure outlined in the preceding section on the single-
pole particle, we start with a decomposition of the indices
which are contracted with the derivatives, i.e.∫
∇a∇c
[
tcabδ(4)
]
=
∫
∇a∇c
[(
tcˆaˆb + tcˆdbuaud
)
δ(4)
]
+
∫
∇a∇c
[(
tdaˆbucud + u
cuauduet
deb
)
δ(4)
]
=
∫
δ2
ds2
(
tdebudue
)
δ(4) +
∫
∇a
[
δ
ds
(
tdaˆbud
)
δ(4)
+
δua
ds
uduet
debδ(4)
]
+
∫
∇a∇c
(
tcˆaˆbδ(4)
)
+
∫
∇a∇c
(
tcˆdbuaudδ(4)
)
. (20)
The last term in this equation can be rewritten with the
help of
∇[a∇b]T
abc =
1
2
Rabd
cT abd, (21)
and subsequent application of (12) as follows:∫
∇a∇c
[
tcˆdbuaud
]
δ(4)
=
∫
∇c
[
δ
ds
(
tcˆdbud
)
δ(4)
]
+
∫
Race
buaudt
cˆdeδ(4).(22)
4In order to arrive at the canonical form, one still needs
to symmetrize the indices appearing in the second last
term of (20). This again produces a curvature term at
the lower order. Combining the rewritten form of (20)
with the results at the single-pole order from the previous
section, equation (19) takes the form∫ [
δ2
ds2
(
tcdbucud
)
+
δ
ds
(
tcbuc
)
+
1
2
Race
b
(
2tcˆdeuaud + t
cˆaˆe
)]
δ(4)
+
∫
∇a
{[
δ
ds
(
tdaˆbud + t
aˆdbud
)
+
δua
ds
uduet
deb
+taˆb
]
δ(4)
}
+
∫
∇a∇c
[
t(cˆaˆ)bδ(4)
]
= 0. (23)
This is almost the canonical form, we still need to ensure
the orthogonality of the first two terms in the second last
line in (23). Once again we apply (12) and obtain∫
∇a
[
δ
ds
(
tdaˆbud + t
aˆdbud
)
δ(4)
]
=
2
∫
∇a
{[
ρac
δ
ds
(
t(cd)bud
)
−
δua
ds
ucudt
(cd)b
]
δ(4)
}
−2
∫
δ
ds
(
δuc
ds
udt
(cd)b
)
δ(4). (24)
Reinsertion into (23) finally yields the canonical form of
(19): ∫ [
δ2
ds2
(
tcdbucud
)
+
δ
ds
(
tcbuc − 2
δuc
ds
udt
(cd)b
)
+
1
2
Race
b
(
2tcˆdeuaud + t
cˆaˆe
)]
δ(4)
+
∫
∇a
{[
2ρac
δ
ds
(
t(cd)bud
)
−
δua
ds
ucudt
dcb
+taˆb
]
δ(4)
}
+
∫
∇a∇c
[
t(cˆaˆ)bδ(4)
]
= 0. (25)
With the help of theorem B – starting at the highest
order – we can infer from (25) that
0 = t(cˆaˆ)b =
1
o (ca)b+
1
o (ca)ub. (26)
Here we made use of the decomposition (8) in the last
step. Transvection of (26) with the projector ρdb and the
velocity ub yields two conditions, i.e.
1
o (ca) = 0, and
1
o (ca)b = 0. (27)
From the last equation, together with the identity
1
o cab =
1
o (ca)b+
1
o (bc)a−
1
o (ab)c, (28)
we can infer that
1
ocab = 0. (29)
At the second highest order theorem B yields
2ρac
δ
ds
(
t(cd)bud
)
−
δua
ds
ucudt
dcb + taˆb = 0. (30)
Insertion of the decompositions from (7) and (8) leads to
ρac
δ
ds
(
1
o cb+
1
o cub+
1
t cb
)
+
0
oab+
0
oaub = 0. (31)
Multiplication by ub and reinsertion of the result yields
two equations. These allow us to express parts of the
orthogonal decomposition of the single-pole moment in
terms of the decompositions of the dipole moment as fol-
lows:
0
oa = −udρ
a
c
δ
ds
(
1
o cd+
1
ocud+
1
t cd
)
, (32)
0
oab = −ρbdρ
a
c
δ
ds
(
1
ocd+
1
o cud+
1
t cd
)
. (33)
Taking the antisymmetric part of (33) yields
ρbdρ
a
c
δ
ds
(
1
o [cd]+
1
o [cud]
)
= 0. (34)
We introduce the spin in the following way:
1
S
ab := −2
(
1
o [ab]+
1
o [aub]
)
. (35)
Note that the prefactor is conventional, in particular the
minus sign comes into play because we started with a
positive sign in front of the dipole term in (19). Now
(34) turns into the well-known equation of motion for
the spin [2, 17], i.e.
ρacρ
b
d
δ
1
S cd
ds
=
δ
1
S ab
ds
− uauc
δ
1
S cb
ds
− ubuc
δ
1
S ac
ds
= 0.(36)
Furthermore, if we make use of the first equation in (27)
and the definition of the spin (35), we can express parts
of the orthogonal decomposition of the dipole moment in
terms of the spin and the velocity as follows:
1
oa = −
1
S
abub, (37)
1
oab = −
1
2
1
S
ab
− uc
1
S
c[aub]. (38)
From the lowest order in (25) we get, again via theorem
B and by insertion of the decompositions from (7) and
(8), the following equation:1
δ
ds
(
ud
δ
ds
1
t db+
0
o b+
0
t ub − u˙c
1
o cb − u˙c
1
o cub
)
+
1
2
Race
b
[
2ua
(
1
oce+
1
o cue
)
+
1
ocae+
1
o caue
]
= 0. (39)
1 Here we introduced the shortcut “ ˙ ”:= δ
ds
.
5Taking into account the symmetries of the quantities in
this equation and our findings in (27), (29), (32), (33),
(37), and (38), we can rewrite (39) as follows:
δ
ds
1
p b +
1
2
ue
1
S
acRace
b = 0. (40)
This is the equation of motion for some kind of general-
ized momentum, which we define by
1
p b :=
(
0
t −ucu˙d
1
S
cd + ucud
δ
ds
1
t cd
)
ub + ud
δ
ds
1
S
bd
=
1
m ub + ud
δ
ds
1
S
bd. (41)
The second line serves as a definition of themass
1
m which
now – in contrast to the result at the single-pole order –
contains also contributions from the spin as well as from
the transversal component of the decomposition in (8).
Our equations of motion for the pole-dipole test body
in this section are the most general ones. No a priori re-
strictions were imposed on the decompositions in (7) and
(8). Furthermore, it should be stressed that no assump-
tions were made regarding a possible spin supplementary
condition.
Equations (36) and (40) are nowadays usually called
the Mathisson-Papapetrou equations. In particular the
characteristic spin-curvature coupling at the dipole-order
is already present in Mathisson’s pioneering work [2].
Note that Mathisson’s equivalent to equation (40) has
a slightly different form. This is due to the fact that he
sets the
1
o a component in the orthogonal decomposition
of the dipole moment to zero – in other words he makes
use of a supplementary condition – at an early stage in
his calculation. On the other hand, Papapetrou does not
impose any supplementary condition in his derivation in
[17]. The equations of motion given by him are formally
equivalent to (36) and (40), but his moments are defined
in a different way, cf. [3] for more details.
Finally, let us derive the energy-momentum tensor at
the pole-dipole order. In terms of the spin, we have
1
ocd+
1
o cud+
1
t cd = −
1
2
1
S
cd + ue
1
S
e(cud)+
1
t cd,
hence (32) and (33) become
0
oa = udρ
a
c
(
δ
ds
1
S
cd
−
δ
ds
1
tcd
)
+
1
2
u˙dρ
a
c
1
S
cd, (42)
0
oab = −ρbdρ
a
c
δ
ds
1
tcd + ρ(ac u˙
b)
1
S
ceue. (43)
If we use this result – as well as all the constraints on
the components of the decompositions in (7) and (8) ob-
tained in this section – in (19), with the help of (12) the
singular energy-momentum tensor for pole-dipole parti-
cles becomes
T˜ ab =
∫
u(a
1
p b)δ(4) −
∫
∇c
(
1
S
c(aub)δ(4)
)
. (44)
Note that (44) is not in canonical form.
A. Supplementary conditions and conserved
quantities
The system of equations in (36) and (40) is under-
determined. This is evident from the appearance of the
projectors in equation (36). Thus, supplementary con-
ditions, or constitutive relations, involving the spin are
needed to close the system. Before we discuss the im-
pact of different conditions, we rewrite the equations of
motion as follows:
1
m u˙a = −
1
2
ue
1
S
dcRdce
a
− ρab
δ
ds
(
uc
δ
ds
1
S
bc
)
,(45)
δ
ds
1
m = −u˙c
δ
ds
(
ub
1
S
bc
)
, (46)
δ
ds
1
S
ab = 2
1
p [aub]. (47)
The first two equations are obtained from the orthogonal
decomposition of (40).
There are basically two covariant supplementary con-
ditions at the pole-dipole order which have been studied
in the literature, i.e.
1
S
abub = 0 (∗),
1
S
ab
1
p b = 0. (∗∗) (48)
To our knowledge, the first condition can be traced back
to an early work of Frenkel [19], and the idea for the
second condition appeared first in a work by Synge [20]
in a special-relativistic context, see also [1, 2, 21–24]. For
both conditions there exist constant quantities, namely
δ
ds
1
m
∗
= 0, (49)
δ
ds
1
m :=
δ
ds
√
1
pa
1
pa ∗∗= 0, (50)
2
δ
ds
(
1
S
)2
:=
δ
ds
1
S ab
1
S
ab ∗ ∨ ∗∗= 0. (51)
Note that without the imposition of any supplementary
condition the derivative of the alternative mass parame-
ter
1
m fulfills
1
m
1
m
δ
ds
1
m =
δ
1
pa
ds
1
p b
δ
ds
1
S
ab. (52)
Furthermore, in case the background spacetime allows
for a Killing vector field ϕa, the quantity
δ
ds
1
E:=
δ
ds
(
1
paϕa +
1
2
1
S
ab
∇aϕb
)
= 0, (53)
is conserved. For other (non-linear) conserved quanti-
ties at the pole-dipole order see [25, 26] and references
therein.
6VI. POLE-DIPOLE-QUADRUPOLE
At the pole-dipole-quadrupole order the variational
equation takes the form
0 = ∇aT˜
ab =
∫
∇a
[
tabδ(4)
]
+
∫
∇a∇c
[
tcabδ(4)
]
+
∫
∇a∇d∇c
[
tdcabδ(4)
]
. (54)
In order to bring this equation to canonical form, we fo-
cus on the third term in (54) and proceed along the same
lines as in the single-pole as well as in the pole-dipole
case. With the help of the projector, the quadrupole
moment can be decomposed as follows:
tdcab = tdˆcˆaˆb + uatdˆcˆebue + u
cudtgfaˆbufug
+uaucudtgfebueufug
+ua(udtfcˆeb + uctdˆfeb)ueuf
+(udtecˆaˆb + uctdˆeaˆb)ue. (55)
Due to their length, we provide the canonical form for
the separate terms in (55). As in the previous cases,
the canonical form is achieved by repeated application
of (12), and the generalized version of (21) for multiple
derivatives.2
2 Note that one has to be careful when it comes to the usage of
the “ ˙ ” notation in combination with the hat “ˆ” notation for
projected indices.
∫
∇a∇d∇c[t
dˆcˆaˆbδ(4)] =
∫
∇a∇d∇c
{
t(dˆcˆaˆ)bδ(4)
}
+
∫
∇c
{
Rade
btcˆdˆaˆeδ(4) +
1
3
Rade
cˆteˆdˆaˆbδ(4)
}
+
∫ {
1
3
δ
ds
[
Rade
cuct
eˆdˆaˆb
]
δ(4) +
2
3
Rdae
b
;ct
cˆdˆaˆeδ(4)
}
, (56)
∫
∇a∇d∇c[u
atdˆcˆebueδ(4)] =
∫
∇(d∇c)
{
ρceρ
d
f
δ
ds
[
tfˆ eˆabua
]
δ(4)
}
+
∫
∇d
{
2Racf
buatdˆcˆefueδ(4) +Racf
dˆuatfˆ cˆebueδ(4)
−2ρde
δ
ds
[
u˙ct
eˆcˆabua
]
δ(4)
}
+
∫ {
δ
ds
[
Racf
duaudt
fˆ cˆebue
]
δ(4) −Racf
b
;du
atcˆdˆefueδ(4)
+2
δ
ds
[
u˙du˙ct
dˆcˆabua
]
δ(4) −Rdce
budu˙f t
fˆ cˆaeuaδ(4)
}
, (57)
∫
∇a∇d∇c[u
cudtgfaˆbufugδ(4)] =
∫
∇(a∇d)
{
u˙dtgfaˆbufugδ(4)
}
+
∫
∇a
{
ρae
δ2
ds2
[
tgfeˆbufug
]
δ(4)
}
+
∫ {
δ
ds
[
ua
δ2
ds2
(
tgfaˆbufug
)]
δ(4) +
1
2
Rade
bu˙dtgfaˆeufugδ(4)
}
, (58)
∫
∇a∇d∇c[u
aucudtgfebueufugδ(4)] =
∫
∇a
{
3u˙a
δ
ds
[
tgfebueufug
]
δ(4) + 2ρ
a
hu¨
htgfebueufugδ(4)
}
+
∫ {
δ3
ds3
[
tgfebueufug
]
δ(4) − 2
δ
ds
[
u˙au˙at
gfebueufug
]
δ(4)
+Radc
bu˙duatgfecueufugδ(4)
}
, (59)
∫
∇a∇d∇c[u
a(udtfcˆeb + uctdˆfeb)ueufδ(4)] =
∫
∇(c∇a)
{
2u˙atfcˆebueufδ(4)
}
+
∫
∇c
{
2ρcg
δ2
ds2
[
tfgˆebueuf
]
δ(4) −Rgda
cˆuaudtfgˆebueufδ(4)
}
+
∫ {
2
δ
ds
(
Racg
bua
)
tfcˆegueufδ(4) + 2
δ
ds
[
uc
δ2
ds2
(
tfcˆebueuf
)]
δ(4)
+3Racg
bua
δ
ds
[
tfcˆegueuf
]
δ(4) +Rcdg
b
;au
audtfcˆegueufδ(4)
}
, (60)
7∫
∇a∇d∇c[(u
dtecˆaˆb + uctdˆeaˆb)ueδ(4)] =
∫
∇(d∇c)
{
2ρceρ
d
f
δ
ds
[
taeˆfˆbua
]
δ(4)
}
+
∫
∇d
{
Rfce
dˆuf tacˆeˆbuaδ(4) +Rfce
buf tacˆdˆeuaδ(4) − 4ρ
d
e
δ
ds
[
u˙ct
a(cˆeˆ)bua
]
δ(4)
}
+
∫ {
δ
ds
[
Rdce
auau
dtgcˆeˆbug
]
δ(4) + 4
δ
ds
[
u˙cu˙dt
a(cˆdˆ)bua
]
δ(4)
+Rdce
bρcfρ
d
g
δ
ds
[
tafˆgˆeua
]
δ(4) − 2Rdce
budu˙f t
acˆfˆeuaδ(4)
}
. (61)
Together with our result in (25), equations (56)–(61)
yield the canonical form of (54) – which we do not dis-
play here explicitly due to its length. As in the previous
sections, the next step in the derivation of the equations
of motion consists in the insertion of the orthogonal de-
composition from (7)–(9). To save us some work at the
quadrupole order, we are not going to use the general
decompositions in (7)–(9) directly in the following, but
rather transform them to a more compact form first. The
new decompositions shall be given by
t
ab =
0
nab + 2
0
n (aub)+
0
nuaub, (62)
t
cab =
1
n cab + 2
1
n c(aub)+
1
n cuaub, (63)
t
dcab =
2
ndcab + 2
2
ndc(aub)+
2
ndcuaub. (64)
As becomes apparent from (63) and (64), the
1
t and
2
t
terms in (8) and (9) have been absorbed in the new de-
composition. The explicit transformation laws between
the old and the new decomposition read
0
n =
0
t +ueuf
[
δ
1
t ef
ds
−
δ2
2
t ef
ds2
+ 2
δ
ds
(
ug
δ
2
t gef
ds
)
+ 2ug
2
t cd(eRgcd
f)
]
, (65)
0
na =
0
oa + ρaeuf
[
δ
1
t ef
ds
−
δ2
2
t ef
ds2
+ 2
δ
ds
(
ug
δ
2
t gef
ds
)
+ 2ug
2
t cd(eRgcd
f)
]
, (66)
0
nab =
0
oab + ρaeρ
b
f
[
δ
1
t ef
ds
−
δ2
2
t ef
ds2
+ 2
δ
ds
(
ug
δ
2
t gef
ds
)
+ 2ug
2
t cd(eRgcd
f)
]
, (67)
1
n c =
1
oc + ρceufug
(
− u˙e
2
t fg + 2
δ
2
t efg
ds
)
, (68)
1
n ca =
1
oca + ρceρ
a
fug
(
− u˙e
2
t fg + 2
δ
2
t efg
ds
)
, (69)
1
n cab =
1
ocab + ρceρ
a
fρ
b
g
(
− u˙e
2
t fg + 2
δ
2
t efg
ds
)
, (70)
2
nab =
2
oab, (71)
2
n cab =
2
ocab, (72)
2
ndcab =
2
odcab. (73)
Hence, the energy-momentum tensor is given by
T˜ ab =
∫
t
abδ(4) +
∫
∇c
[
t
cabδ(4)
]
+
∫
∇d∇c
[
t
dcabδ(4)
]
.
(74)
From the form of the decompositions of the moments in
(62)–(64) and in (55) it becomes apparent, that only a
small fraction of
2
nabc... terms contributes to the canonical
form of ∇bT˜
ab, when we make use of the re-defined tabc...
moments. In particular, only the integrals in (56) and
8(57) yield non-vanishing contributions. The canonical form of the derivative of (74) becomes
∫
∇a∇d∇c
{
t
(dˆcˆaˆ)bδ(4)
}
+
∫
∇d∇c
{[
ρ(ce ρ
d)
f
δ
ds
[
t
fˆ eˆabua
]
+ t(cˆdˆ)b
]
δ(4)
}
+
∫
∇d
{[
ρde
δ
ds
(
t
eabua − 2u˙ct
eˆcˆabua
)
+Racf
b
(
t
dˆcˆaˆf + 2uatdˆcˆefue
)
+Racf
dˆ
(
1
3
t
fˆ cˆaˆb + uatfˆ cˆebue
)
+ tdˆb
]
δ(4)
}
+
∫ {[
δ
ds
(
Racf
duaudt
fˆ cˆebue +
1
3
Rade
cuct
eˆdˆaˆb + 2u˙du˙ct
dˆcˆabua + t
cbuc − u˙cudt
cdb
)
+
2
3
Rdae
b
;ct
cˆdˆaˆe
−Racf
b
;du
a
t
cˆdˆefue −Rdce
budu˙f t
fˆ cˆaeua +
1
2
Race
b
(
2tcˆdeuaud + t
cˆaˆe
)]
δ(4)
}
= 0. (75)
Application of theorem B and insertion of the decompo-
sition from (64), yields at the highest order:
2
n (dca)b+
2
n (dca)ub = 0. (76)
Orthogonal decomposition with respect to the open index
b leads to two symmetry relations, i.e.
2
n (dca)b = 0 and
2
n (dca) = 0. (77)
The first relation in (77) allows us to infer that
2
ndcab =
2
nabdc, (78)
hence
2
n abdc has symmetries similar to the ones of the
curvature tensor3.
At the second highest order, again by application of
theorem B to (75), and insertion of the decompositions
from (63) and (64), we obtain
ρceρ
d
f
δ
ds
(
2
nfeb+
2
nfeub
)
+
1
n (cd)b+
1
n (cd)ub = 0. (79)
The orthogonal split of (79) yields two “constraint equa-
tions” – here and in the following we are going to use
this name for equations, which allow us to express cer-
tain parts of moments in terms of parts of higher order
moments, e.g.
1
nabc =
1
nabc
(
2
nabc,
2
nab
)
– namely:
1
n (cd)b = −ρceρ
d
fρ
b
g
δ
ds
(
2
nfeg+
2
nfeug
)
, (80)
1
n (cd) = −ρceρ
d
fub
δ
ds
(
2
nfeb+
2
nfeub
)
. (81)
3 Using (77), and remembering
2
n dcab =
2
n (dc)(ad), one can check
that
2
n adcb+
2
n cadb+
2
n bdca+
2
n cbda = −2
2
n dcab holds. On the
other hand, one also has
2
ndabc+
2
n bdac+
2
n cabd+
2
n bcad = −2
2
n
abdc. The left hand sides of these equations are identical, thus
(78) holds.
Equation (80) can be used to rewrite
1
nabc as follows:
1
ndcb =
1
n (dc)b+
1
n (bd)c−
1
n (cb)d
= ρceρ
d
fρ
b
g
δ
ds
(
2
2
negf−
2
nfeug−
2
ngfue+
2
neguf
)
= 2
δ
ds
2
n cbd + 2
(
2
nabduc+
2
n cadub+
2
n cbaud
)
u˙a
−
2
ndcu˙b−
2
n bdu˙c+
2
n cbu˙d. (82)
Note that in the second step we made use of the second
relation in (77), which yields an algebraic symmetry for
2
nabc, i.e.
2
nabc+
2
n bca+
2
n cab = 0. (83)
An analogous relation holds for
2
nabcd.
Equation (81) can be simplified as follows:
1
n (dc) =
(
2
ndca − 2
2
na(duc)
)
u˙a −
δ
ds
2
ndc. (84)
Let us now turn to the next order, i.e. the second line in
(75). Applying the same procedure as before we obtain:
0
ndb+
0
ndub + ρde
δ
ds
[
1
neb+
1
neub − 2
(
2
necb+
2
necub
)
u˙c
]
+Racf
gρdg
[
1
3
(
2
nfcab+
2
nfcaub
)
+
(
2
nfcb+
2
nfcub
)
ua
]
+Racf
b
[
2
ndcaf+
2
ndcauf + 2
(
2
ndcf+
2
ndcuf
)
ua
]
= 0.
(85)
The orthogonal split of (85) yields two equations
0
ndb = −ρdeρ
b
f
δ
ds
[
1
nef+
1
neuf − 2(
2
necf+
2
necuf )u˙c
]
−Racf
g
[
ρbg
2
ndcaf + δbg
2
ndcauf + 2ρbg
2
ndcfua
+2δbg
2
ndcufua +
1
3
2
nfcabρdg+
2
nfcbρdgu
a
]
, (86)
90
nd = −ρdeub
δ
ds
[
1
n eb+
1
neub − 2
(
2
necb+
2
necub
)
u˙c
]
−Racf
g
[
ug
2
ndcaf + 2
2
ndcfuaug +
1
3
ρdg
2
nfca
+ρdg
2
nfcua
]
. (87)
The antisymmetric part of (86) can be viewed as the
direct generalization of (34), and suggests that the spin
at the quadrupole order should be defined as
2
S
ab := −2
[
1
n [ab]+
1
n [aub] − 2(
2
n c[ab]+
2
n c[aub])u˙c
]
, (88)
yielding
0 = −
1
2
ρdeρ
b
f
δ
ds
2
S
ef +Racf
g
[
ρ[bg
2
nd]caf + δ[bg
2
nd]cauf
+2ρ[bg
2
nd]cfua + 2δ[bg
2
nd]cufua +
1
3
2
nfca[bρd]g
+
2
nfc[bρd]g u
a
]
(89)
= −
1
2
ρdeρ
b
f
δ
ds
2
S
ef
− ρ[de ρ
b]
g Racf
g
[
4
3
2
neacf
+4
2
neafuc + 2
2
neaufuc
]
. (90)
In contrast to our findings at the dipole order (36), this
propagation equation for the spin contains – as expected
– also contributions from the quadrupole moment, which
couple to the curvature of spacetime.
From (88) and (84) we obtain
1
na = 2
2
nabu˙b−
2
S
abub, (91)
1
nab = u[b
2
S
a]cuc −
δ
ds
2
nab −
1
2
2
S
ab
−2
(
2
n cba+
2
n c(aub)
)
u˙c, (92)
which can be viewed as the generalizations of (37) and
(38) to the quadrupole order.
What remains to be analyzed is the lowest order in
(75). Application of theorem B at this order yields
δ
ds
{
Race
d
[
uaud
(
2
necb+
2
necub
)
+
1
3
ud
(
2
necab+
2
necaub
)]
+ 2u˙du˙c
(
2
ndcb+
2
ndcub
)
−u˙c
(
1
n cb+
1
n cub
)
+
0
n b+
0
n ub
}
+Race
b
;d
[
2
3
(
2
ndace+
2
ndacue
)
− ua
(
2
n cde+
2
n cdue
)]
+Race
b
[
ua
(
1
n ce+
1
n cue
)
+
1
2
(
1
n cae+
1
n caue
)
−u˙fu
a
(
2
nfce+
2
nfcue
)]
= 0. (93)
This equation is the analogue to (39) found at the pole-
dipole order. With the help of (82), (87), (91), and (92)
it can be rewritten in terms of Sab and the
2
n a... from
the decomposition of the quadrupole moment in (64). In
order to keep the equations at a manageable size, we
introduce the auxiliary quantity
Aab :=
1
nab+
1
naub − 2
(
2
n cab+
2
n caub
)
u˙c (94)
= −
1
2
2
S
ab + uc
2
S
c(aub) −
δ
ds
2
nab
+2
(
2
nabc−
2
n c(aub)
)
u˙c, (95)
with the properties
uaA
ab = 0, (96)
u˙aA
ab = −uaA˙
ab, (97)
ubA
ab =
1
na − 2
2
n cau˙c = ub
2
S
ba, (98)
A[ab] = −
1
2
2
S
ab, (99)
uaub
δ
ds
Aab =
2
S
abu˙aub. (100)
This allows us to rewrite (86) and (87) as follows:
0
ndb = −A˙(db) + u(bA˙d)eue + ueA˙
e(bud)
−A˙efueufu
bud + ρ(de ρ
b)
g Racf
g
×
[
2
3
2
nfcae + 2
2
neacuf + 2
2
neaufuc
]
(101)
= −
δ
ds
A(db) + udubueuf
δAef
ds
+ ρ(de ρ
b)
g Racf
g
×
[
2
3
2
nfcae + 2
2
neacuf + 2
2
neaufuc
]
+2u(dρb)e uf
[
δAef
ds
−
δA[ef ]
ds
]
, (102)
0
nd = −ρdeub
δ
ds
Aeb −Racf
g
[
2
ndcafug
+2
2
ndcfuaug +
1
3
2
nfcaρdg+
2
nfcρdgu
a
]
. (103)
Hence equation (93) turns into
0 =
δ
ds
[
0
n ub+
0
n b −Acbu˙c +Racd
eue
(
1
3
2
ndcab +
1
3
2
ndcaub+
2
ndcbua+
2
ndcubua
)]
10
−Race
b
;d
(
2
3
2
ndcae +
2
3
2
ndcaue+
2
ndceua+
2
ndcueua
)
+
1
2
Race
b(2
1
n ceua + 2
1
n cueua+
1
n cae+
1
n caue)
−Race
buau˙f
(
2
nfce+
2
n fcue
)
(104)
=
δ
ds
[
0
n ub − ρbeudA˙
ed
− Acbu˙c +Race
dud
(
1
3
2
necab +
1
3
2
necaub+
2
necbua+
2
necubua
)
−Race
d
(
2
n bcaeud + 2
2
n bceuaud +
1
3
2
necaρbd+
2
necρbdu
a
)]
+
1
2
Race
b
[
2uau[e
2
S
c]fuf − u
a
2
S
ce + ueua
2
S
cfuf − 4u
au˙d(
2
ndec+
2
nd(cue))− 2ua
δ
ds
2
n ce −
1
2
ue
2
S
ca
+2ueua
(
ud
2
S
dc + 2u˙d
2
ndc
)
+ 2
δ
ds
2
naec + 2
(
2
ndecua+
2
nadcue+
2
naeduc
)
u˙d−
2
n cau˙e−
2
necu˙a+
2
naeu˙c
+2ueu˙d
2
ndca − 2
(
2
nfce+
2
nfcue
)
uau˙f
]
−Race
b
;d
[
2
3
2
ndcae +
2
3
2
ndcaue+
2
ndceua+
2
ndcueua
]
(105)
=
δ
ds
[
0
n ub + 2A[bd]u˙d −
δ(Abdud)
ds
+ ueudu
b δA
ed
ds
+Race
d
(
4
3
2
nabceud +
1
3
2
n ecaubud + 4
2
n baeucud+
2
necuaubud −
1
3
2
necaρbd−
2
necuaρbd
)]
+Race
b
[
1
2
ue
2
S
ac
−
δ(
2
neca)
ds
−
δ(
2
necua)
ds
]
−Race
b
;d
[
2
3
2
ndcae +
2
3
2
ndcaue+
2
ndceua+
2
ndcueua
]
(106)
=
δ
ds
[(
0
n +
2
S
acu˙auc −
2
3
Race
d 2necaud
)
ub +Race
d
(
4
3
2
nabceud + 4
2
n baeucud +
4
3
2
naecρbd + 2
2
naeucρbd
)
+ua
δ
ds
2
S
ba
]
+
1
2
Race
bue
2
S
ac
−Race
b
;d
[
2
3
2
ndcae +
4
3
2
ndceua +
4
3
2
naeduc+
2
ndcueua+
2
naeucud
]
. (107)
This concludes the derivation of the equations of motion
at the quadrupole order. Equation (107) replaces (39) as
the new center-of-mass equation of motion.
Analogously to the pole-dipole order, we introduce
combined quantities for the mass
2
m and the generalized
momentum
2
pa at the quadrupole order, as follows:
2
m :=
0
n +
2
S
acu˙auc −
2
3
Race
d 2necaud, (108)
2
p b :=
2
m ub + ua
δ
ds
2
S
ba +Race
d
(
4
3
2
nabceud
+4
2
n baeucud +
4
3
2
naecρbd + 2
2
naeucρbd
)
.(109)
With these definitions the propagation equations for the
spin (90) and the center-of-mass (107) take the form
ρacρ
b
d
δ
ds
2
S
cd = ρ[ag ρ
b]
e Rdcf
g
[
8
3
2
nedcf + 8
2
nedfuc + 4
2
nedufuc
]
, (110)
δ
ds
2
p b = −
1
2
Race
bue
2
S
ac +∇dRace
b
[
2
3
2
ndcae +
4
3
2
ndceua +
4
3
2
naeduc+
2
ndcueua+
2
naeucud
]
. (111)
Our equations of motion for the pole-dipole-quadrupole
test body in this section are the most general ones. It
should be stressed that no assumptions were made re-
garding a possible spin supplementary condition.
Before we introduce a new combined quantity for the
quadrupole moment, we make contact with the multipole
formalism of Dixon in section VIB. This will allow us to
bring the equations of motion (110) and (111) into a very
compact form.
From the system of equations (110) and (111) it be-
comes clear, that the evolution of quadrupole compo-
nents is not constrained – in the sense that there is no
11
dedicated propagation equation for the
2
n ab.... Equation
(1) seems to generate only equations of the constraint
type at higher orders. Furthermore, one is already forced
to introduce a supplementary condition at the pole-dipole
approximation in order to obtain a closed system of equa-
tions. Hence, it is rather natural to expect, that addi-
tional supplementary conditions, now also involving the
higher order moments
2
nab..., are needed at the quadrupo-
lar order. The choice of such conditions depends on the
type of body under consideration. We are not going to
touch upon the question of possible choices for such a
condition in this work.
A. “Non”-conserved quantities
In this section we calculate the derivatives of the
masses
2
m and
2
m, the spin length
2
S, and a combined
quantity
2
E at the quadrupole order. As definitions for
the quantities
2
S and
2
E, we use expressions which are
completely analogous to the ones introduced at the pole-
dipole order, see (51) and (53).
δ
ds
2
m = u˙b
δ
ds
(
ua
2
S
ab
)
+ ubRace
b
;d
(
2
3
2
ndcae + 2
2
naeduc+
2
naeucud
)
+Race
d
(
4
3
2
nabceudu˙b
+4
2
n baeu˙budu
c +
4
3
2
naecu˙d + 2
2
naeu˙du
c
)
, (112)
δ
ds
2
m :=
δ
ds
√
2
pa
2
pa =
(
2
m
2
m
)−1 [ δ
ds
(
2
S
ab
2
p b
)
δ
ds
2
pa −
2
3
2
m2 ua∇bRcde
a
(
2
n bcde + 3
2
ndebuc
+
3
2
2
ndeubuc
)
−
8
3
2
p [b
δ
ds
2
pa]Rcde
a
(
2
n bcde+
2
nedcub + 3
2
n bceud +
3
2
2
n bcudue +
3
2
2
ndeubuc
)]
,(113)
2
δ
ds
(
2
S
)2
:=
δ
ds
(
2
S ab
2
S
ab
)
= 4
2
S ab
2
paub +
16
3
2
S abRcde
a
(
2
n bcde+
2
n edcub + 3
2
n bceud
+
3
2
2
n bcudue +
3
2
2
ndeubuc
)
, (114)
δ
ds
2
E :=
δ
ds
(
2
paϕa +
1
2
2
S
ab
∇aϕb
)
= −
2
3
(ϕa∇bRcde
a + 2Rcde
a
∇bϕa)
(
2
n bcde+
2
nedcub + 3
2
n bceud
+
3
2
2
n bcudue +
3
2
2
ndeubuc
)
. (115)
As becomes clear from (112)–(115) these quantities are
no longer conserved at the quadrupolar order. Note that
this observation is independent of the choice of supple-
mentary condition for the spin. A direct generalization
of (48) – in terms of the quantities at the quadrupole
order – only nullifies the first terms in (112)–(114). The
conservation of the quantities in (112)–(115) depends on
the details of the extended test body under considera-
tion. Since we did not introduce any specific supplemen-
tary condition for the quadrupole components, the lack
of conserved quantities at the current order of approxi-
mation is not unexpected.
B. Comparison to Dixon’s scheme
Our starting point are the equations of motion given
by Dixon in (13.7) and (13.8) of [27], see also (168) and
(169), as well as (171) and (172) in [28]. According to
Dixon the spin and the center-of-mass equations of mo-
tion – up to the quadrupole order – can be written in the
form
δ
ds
Sab = 2p[aub] +
4
3
Rcde
[aIb]cde, (116)
δ
ds
pa =
1
2
Rabcdu
bScd −
1
6
∇aRbcdeI
bedc, (117)
where Iabcd has the following symmetries:
Iabcd = I(ab)(cd) = Icdab, (118)
I(abc)d = 0 ⇔ Iabcd + Ibcad + Icabd = 0. (119)
Note that Iabcd has no orthogonality properties with re-
spect to ua, except the ones that can be deduced from
its symmetries. In Dixon’s work the equations of motion
in (116) and (117) are also often written in terms of a
different set of moments, termed J by him. To allow for
a direct comparison, we provide the explicit transforma-
tion rules between the I- and J-moments in appendix
A.
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Orthogonal decomposition of (116) leads to
ρacρ
b
d
δ
ds
Scd =
4
3
ρ
[a
f ρ
b]
g Rcde
fIgcde, (120)
ρabp
b = S˙abub −
4
3
ubRcde
[aIb]cde. (121)
With the definition m := uap
a equation (121) turns into
pa = mua + S˙abub −
4
3
ubRcde
[aIb]cde. (122)
Further, equation (117) can be written as
δ
ds
pa = −
1
2
Rcdb
aubScd −
1
3
∇bRcde
aIbcde. (123)
Insertion of (122) into (123) and orthogonal decomposi-
tion of (123) leads to separate equations of motion for ua
and m. This is completely analogous to the pole-dipole
case, c.f. equation (45) and (46).
The form of Dixon’s equations of motion in (120) and
(123) is the most suitable one for a comparison with
our results from the previous section. We introduce the
orthogonal decomposition of Iabcd, with its symmetries
from (118) and (119) already implemented,
Idcab = Qdcab + 2Qdc(aub) + 2Qab(duc) +Qdcuaub
+Qabuduc − 2u(dQc)(aub), (124)
where4
Qabcd = Q(ab)(cd) = Qcdab, (125)
Q(abc)d = 0 ⇔ Qabcd +Qbcad +Qcabd = 0,(126)
Qabc = Q(ab)c, (127)
Q(abc) = 0 ⇔ Qabc +Qbca +Qcab = 0, (128)
Qab = Q(ab), (129)
and all Qab... are orthogonal to the four velocity ua. No-
tice that the symmetries of the Q-moments are identical
to the symmetries of the
2
n-moments, which suggests that
they are proportional to each other.
With the help of (124) and the momentum in terms of
the Q-moments, i.e.
pb = mub + S˙baua +Race
d
(
2
3
Qabceud + 2Q
baeucud
+
2
3
Qaecρbd +Q
aeucρbd
)
, (130)
the equations of motion (120) and (123) turn into
ρacρ
b
d
δScd
ds
= ρ[ag ρ
b]
e Rdcf
g
[
4
3
Qedcf + 4Qedfuc
+2Qedufuc
]
, (131)
δ
ds
pb = −
1
2
Race
bueSac +∇dRace
b
[
1
3
Qdcae
+
2
3
Qdceua +
2
3
Qaeduc +
1
2
Qdcuaue
+
1
2
Qaeucud
]
. (132)
Comparison of (131) to our equation of motion for the
spin (110) shows that the Q- and the
2
n-moments only
differ by a factor of 2, i.e.
Idcab = 2
(
2
ndcab + 2
2
ndc(aub) + 2
2
nab(duc)
+
2
ndcuaub+
2
nabuduc − 2u(d
2
n c)(aub)
)
, (133)
as well as Sab =
2
S ab. Furthermore, comparison of our
equation of motion for the center-of-mass, i.e. equation
(111), with (132) yields m =
2
m, and pa =
2
pa.
C. Energy-momentum tensor
Our findings in the previous section allow for a com-
pact representation of the energy-momentum tensor. In
terms of Dixon’s moments the decomposition in (62)–(64)
takes the form
4 Note that a similar decomposition has also been introduced in
[29]. Therein quantities analogous to the Qabcd, Qabc, and Qab
are called stress-, flow-, and mass-quadrupole. In contrast to
our decomposition with respect to ua, Ehlers and Rudolph use
the vector pa to perform the orthogonal decomposition. Further-
more, in [29] the decomposition was applied to the J-moments
instead of the I-moments, see also (A5).
t
dcab =
1
2
Idcab − 2
2
nab(duc)−
2
nabuduc + 2u(d
2
n c)(aub), (134)
t
cab = −Sc(aub) +
δ
ds
(
2
2
nabc+
2
nabuc − 2
2
n c(aub)
)
+A(ab)uc, (135)
t
ab = u(apb) +Rcde
(a
[
2
3
2
n b)cde +
2
3
ub)
2
nedc + 2
2
n b)cdue + 2
2
n b)cueud
]
−
δA(ab)
ds
. (136)
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Simplification by means of, e.g.,∫
∇d∇c
[
t
dcabδ(4)
]
=
∫
∇d∇c
[
1
2
Idcabδ(4)
]
−
∫
∇c
[
δ
ds
(
2
2
nabc+
2
nabuc − 2
2
n c(aub)
)
δ(4)
]
−
∫ [
ucRcde
(a
(
2
2
n b)ed − ub)
2
ned−
2
n b)due
)]
δ(4), (137)
leads to
T˜ ab =
∫ (
u(apb) +
1
3
Rcde
(aIb)cde
)
δ(4)
−
∫
∇c
(
Sc(aub)δ(4)
)
+
1
2
∫
∇d∇c
(
Idcabδ(4)
)
. (138)
Notice that this expression is not in canonical form, how-
ever, it seems to be the simplest representation of the
energy-momentum tensor density expressed in terms of
the Dixon-moments. All constraint-type relations have
been implemented into the energy-momentum tensor.
Thus, all consequences of (1) can equivalently be written
in a compact way as the equations of motion (116) and
(117), the symmetries of the quadrupole (118) and (119),
and the energy-momentum tensor in the form (138).
VII. CONCLUSIONS
In this work we explicitly derived the equations of mo-
tion for extended test bodies in General Relativity with
the help of Tulczyjew’s multipolar approximation method
up to the quadrupolar order. To our knowledge this is
the first time the method by Tulczyjew has been used
beyond the pole-dipole order. In our derivation we put
special emphasis on a transparent notation, which allows
for a direct identification of the contributions of the mul-
tipole moments at different orders, and explicitly carried
out the canonicalization process. We would like to stress
again, that we did not make any assumption for a sup-
plementary condition in our derivation of the equations
of motion.
Our results are of direct relevance for other pertur-
bation methods in the context of the general relativistic
problem of motion. In particular the equations of motion
in (110) and (111), or – alternatively – the ones given in
(116) and (117), as well as the energy-momentum tensor
in (138), are needed in approximation schemes which aim
for a description of self-gravitating compact objects and
the gravitational radiation emitted by these systems.
A. Structure of the equations of motion
Table I gives a compact overview of the different equa-
tions, which were obtained from the conservation law (1)
and the decomposition (2) via repeated application of
theorem B. We introduced the classification of two dif-
ferent types of equations, termed “constraint” and “evo-
lution”. As becomes clear from table I, the same type
of pattern of equations repeats at each multipolar order.
In particular, one does not expect more than two equa-
tions of the evolution-type in the context of Tulczyjew’s
approximation scheme. This can be viewed as support
of Dixon’s result [27, 28, 30, 31], who provides a solution
of what he calls the variational equations of mechanics5
– i.e. the combination of equation (1) and (2) – to any
order.
Our results in (110) and (111) also allow for a direct
comparison to the quadrupolar equations of motion de-
rived in [18]. The results therein were obtained via a dif-
ferent multipolar approximation scheme which goes back
to Papapetrou [17]. Although the same information is en-
coded in the system of equations – Tulczyjew’s as well as
Papapetrou’s method share the same starting point, i.e.
the “conservation” of energy in the form of (1), further-
more in both methods the full moments are taken into
account – the final representation of the equations of mo-
tion is different. This difference can mainly be ascribed to
the use of the orthogonal decomposition of the moments,
which is an integral part in Tuczyjew’s procedure, and is
introduced at a very early stage to support the deriva-
tion of the canonical form. In particular the recursive
transfer of higher order moments to lower differential or-
ders in the canonical form, see the final result (75) at
the quadrupolar order in this respect, yields structurally
different equations. While it is mainly a question of prac-
ticability which system of equations of motion should be
given preference, the main benefit of the method by Tul-
czyjew is its intrinsic covariance as well as its systematic
– albeit somewhat laborious – way to generate a hierar-
chical set of equations.
B. Open problems
Albeit the results obtained in this work are complete,
in the sense that they cover the quadrupolar order in the
context of Tulczyjew’s approximation scheme in the most
general way, there remain several interesting open ques-
tions to be addressed. Some of these open problems are
not specific to Tulczyjew’s scheme, and are also inherent
to other multipolar approximation schemes.
C. Supplementary conditions
As we have seen in sections V and VI, additional con-
ditions are needed, starting at the pole-dipole order, to
5 This notion goes back to Mathisson [2], see [3] for more historical
details.
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TABLE I: Structure of the equations of motion.
Order Quantity Type Equation
Single-pole
1
0
oab C (16)
1
0
oa C (16)
0
0
t
(
0
oa
)
E (15)
Dipole
2
1
o (ab)c C (27)
2
1
o (ab) C (27)
1
0
oab
(
1
oab,
1
oa,
1
t ab
)
E+C (33)
1
0
oa
(
1
oab,
1
oa,
1
t ab
)
C (32)
0
0
t
(
1
oab,
1
oa,
1
t ab,
0
oa
)
E (39)
Quadrupole
3
2
n (abc)d C (76)
3
2
n (abc) C (76)
2
1
n (ab)c
(
2
nabc,
2
nab
)
C (80)
2
1
n (ab)
(
2
nabc,
2
nab
)
C (81)
1
0
nab
(
2
nabcd,
2
nabc,
2
nab,
1
nab,
1
na
)
E+C (86)
1
0
na
(
2
nabcd,
2
nabc,
2
nab,
1
nab,
1
na
)
C (87)
0
0
n
(
2
nabcd,
2
nabc,
2
nab,
1
nabc,
1
nab,
1
na
)
E (93)
Type: “C”=constraint, “E”=evolution
close the systems of the equations of motion. The ne-
cessity for a spin supplementary condition can be seen
as connected to the fixation of a specific representa-
tive worldline inside the object. This is well-known in
the special-relativistic context, where a spin supplemen-
tary condition selects a representative worldline and vice-
versa, see, e.g., [32]. In General Relativity, however,
things are more subtle, c.f. [29, 33–38] in this respect.
In particular, it is difficult to prove that a spin supple-
mentary condition fixes a representative worldline in a
unique way. This is of course directly related to the fact,
that the quantities
2
pa and
2
S ab are combinations of geo-
metrical quantities as well as of multipolar moments from
different orders. Further studies are needed in the con-
text of Tulczyjew’s scheme when it comes to the choice
of suitable supplementary conditions at higher orders.
However, from a more pragmatic point of view every
supplementary condition, which leads to a closed system
of equations, can be used. The important question for
applications is, whether the equations describe the mo-
tion in an accurate way.
The results derived in this paper could be interesting
when studying whether two sets of moments contained in
the energy-momentum tensor on the same, or infinitesi-
mally close worldlines, are equivalent. In the latter case
one first has to shift the distributional energy-momentum
tensor from one of the worldlines to the other. If two sets
of moments are equivalent, then the coefficients in the
canonical form of the corresponding energy-momentum
tensors must be the same (by virtue of theorem B). We
will not work this out in detail here. However, an imme-
diate consequence is that an infinitesimal change of the
worldline directly translates into an infinitesimal change
of the moment
1
na. This has been used in [1, 2, 16] to ar-
gue that, by a suitable choice of the representative word-
line, one can restrict to
1
na(τ) = 0 for all τ . In consid-
eration of (91) a change of
1
na corresponds to a change
of
2
S abub and will thus have an impact on the supple-
mentary condition fulfilled by the spin. In this way, an
infinitesimal change of the representative worldline can
be related to an infinitesimal change of the spin supple-
mentary condition.
D. Combined and conserved quantities
While it is possible to generate a hierarchical set of
equations of motion, c.f. table I, with the help of Tul-
czyjew’s method, it is non-trivial to devise “combined”
quantities at higher multipolar orders. A good example is
the quantity Iabcd as introduced in equation (133). There
is no straightforward algorithm in Tulczyjew’s scheme
which tells us how to construct it. While one may con-
sider the introduction of quantities like Iabcd as a mere
question of taste – after all the main benefit is a more
compact form of the equations of motion – it appears
to be desirable to have such quantities at one’s disposal.
In particular when it comes to the search for conserved
objects.
As we have shown in section VIA, several of the com-
bined quantities are no longer conserved at the quadrupo-
lar order. This is of course directly linked to the fact that
we did not assume any supplementary condition in the
course of our derivation. Even the direct generalization
and use of the supplementary conditions from the pole-
dipole order does not yield a set of conserved quantities at
the quadrupolar order. Our results in (112)–(115) make
clear, that additional conditions for the quadrupole mo-
ments and/or symmetries of the underlying spacetime are
needed to obtain a set of conserved quantities.
E. Further approximations
Due to the complexity of the expressions at the
quadrupole order, further approximations are needed
for applications. Most interesting is the restriction
to some kind of mass-quadrupole, i.e., neglecting the
15
flow- and stress-quadrupole6. Corrections from the
mass-quadrupole are needed, e.g, for the contributions
quadratic in spin to the post-Newtonian dynamics, see
[39–42]. The approach to higher order post-Newtonian
spin dynamics in [43–46] can incorporate quadrupole cor-
rections in a straightforward way. Further, it is pos-
sible to derive a canonical formalism from the energy-
momentum tensor given in the present paper by the pro-
cedure outlined in [47, 48] in certain cases, c.f., [40].
Canonical methods also proved to be very useful in the
post-Minkowskian approximation of single-pole objects,
see, e.g., [49]. Our results may also be used as input for
perturbation methods [10–14] which aim for a description
of systems with high mass ratios. Such methods have al-
ready been applied to single-pole as well as to pole-dipole
objects.
F. Regularization
A straightforward application of the results in the
present paper to self-gravitating compact objects is quite
subtle from a mathematical point of view. For short, a
strict mathematical definition of the product of distribu-
tions does not exist, but would be required due to the
non-linearity of Einstein’s field equations. Therefore a
distributional energy-momentum tensor as a source of
the gravitational field makes mathematically no sense
in General Relativity. However, this problem can be
overcome, as in quantum field theory, by a regulariza-
tion and renormalization program. In particular, dimen-
sional regularization [50, 51] is most useful for theories
involving gauge freedoms, like General Relativity. Di-
mensional regularization has been employed successfully
in post-Newtonian calculations [52–54] to a high order of
non-linearity. Notice that all results in the present paper
hold for an arbitrary dimension of spacetime.
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Appendix A: From I-moments to J-moments
There is a one-to-one transformation from the I-
moments to the J-moments, which are used interchange-
ably in Dixon’s work [27, 28]. At the quadrupole order
it is explicitly given by
Jabcd = I [a[cb]d] :=
1
2
(
Ia[c|b|d] − Ib[c|a|d]
)
, (A1)
Iabcd = −
4
3
Jd(ab)c = −
4
3
Ja(dc)b, (A2)
where J has the following properties:
Jabcd = J [ab][cd] = Jcdab, (A3)
J [abc]d = 0 ⇔ Jabcd + Jbcad + Jcabd = 0. (A4)
Thus, Jabcd has the same (algebraic) symmetries as the
Riemann tensor. Equation (124) now becomes
Jabcd = Q[a[cb]d] − 2u[aQb][cd] − 2u[cQd][ab]
−3u[aQb][cud]. (A5)
In terms of J the equations of motion turn into
δ
ds
Sab = 2p[aub] −
4
3
R[acdeJ
b]cde, (A6)
δ
ds
pa =
1
2
Rabcdu
bScd +
1
6
∇aRbcdeJ
bcde, (A7)
and the energy-momentum tensor becomes
T˜ ab =
∫ (
u(apb) −
1
3
Rcde
(aJb)edc
)
δ(4)
−
∫
∇c
(
Sc(aub)δ(4)
)
−
2
3
∫
∇d∇c
(
Jd(ab)cδ(4)
)
. (A8)
Appendix B: Combined quantities in terms of
2
o
moments
In this appendix we provide a summary of combined
quantities at the quadrupole order in terms of the
2
o mo-
ments, as used in the original decomposition of tabcd in
(9).
Idcab = 2
(
2
odcab + 2
2
odc(aub) + 2
2
oab(duc)
+
2
odcuaub+
2
oabuduc − 2u(d
2
oc)(aub)
)
, (B1)
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2
S
ab = −2
[
1
o [ab]+
1
o [aub] − 2
(
2
o c[aub]+
2
oc[ab]
)
u˙c
+uc
2
t c[au˙b] + 2uc
δ
2
t [ab]c
ds
+ 2ucud
δ
2
t cd[a
ds
ub]

 , (B2)
2
p b =
2
m ub + ua
δ
ds
2
S
ba +Race
d
(
4
3
2
oabceud
+4
2
o baeucud +
4
3
2
oaecρbd + 2
2
oaeucρbd
)
, (B3)
2
m=
0
t +
2
S
abu˙aub −
2
3
Rabc
d 2o cbaud
+ueuf
[
δ
ds
1
t ef −
δ2
ds2
2
t ef + 2
δ
ds
(
ug
δ
ds
2
t gef
)
+2ug
2
t cd(eRgcd
f)
]
. (B4)
Appendix C: Conventions & Symbols
In table II we provide a list of symbols used throughout
the text. Our convention for the signature of spacetime
is −2. The curvature tensor is defined by (21), or equiv-
alently by
Racd
b := Γdc
b
,a − Γda
b
,c + Γdc
eΓea
b
− Γda
eΓec
b. (C1)
The delta function δ(4) = δ(4)(x
a
− Y a(s)) is normalized
as
∫
δ(4) = 1.
TABLE II: Directory of symbols.
Symbol Explanation
Geometrical quantities
gab Metric
g Determinant of the metric
Rijk
l Riemannian curvature
Y a Worldline within the worldtube of the body
ua Velocity along the worldline Y a of the body
s Proper time along the worldline
δ(4) Four-dimensional delta function
Matter quantities
T ij Energy-momentum tensor
tab, tabc, . . . General multipole moments in the expansion
of the energy momentum density
0
oa...,
0
t Parts of the orthogonal decomposition of the
general single-pole moment
1
oa...,
0
t ab Parts of the orthogonal decomposition of the
general dipole moment
2
oa...,
2
t a... Parts of the orthogonal decomposition of the
general quadrupole moment
t
ab, tabc, . . . Canonical multipole moments
2
nab,
2
nabc, . . . Parts of the orthogonal decomposition of the
canonical quadrupole moment
0
m Mass at the single-pole order
1
pa,
1
S
ab Momentum and spin at the pole-dipole order
1
m,
1
m Masses at the dipole order
1
E Conserved quantity at the dipole order (if
spacetime has symmetries)
2
pa,
2
S
ab Momentum and spin at the quadrupole order
2
m,
2
m Masses at the quadrupole order (not conserved
in general)
2
E “Combined” quantity at the quadrupole order
(not conserved in general)
Iabcd, Jabcd Dixon’s quadrupolar moments
m, pa, Sab Dixon’s “combined” quantities
Qab, Qabc, . . . Parts of the orthogonal decomposition of
Dixon’s quadrupole moment Iabcd
Operators
∇i, “; i” Covariant derivative
δ/ds Total covariant derivative
∂i, “, i” Partial derivative
ρab Spatial projector
Accents
“˜” Denotes the density of an object
“̂” Denotes the orthogonal projection of an index
“ ˙ ” Denotes the derivative δ/ds
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